• The theory of indicator-dilution techniques, especially in relation to the measurement of flow at a cross section of the circulation, and of the volume of a sector of a vascular bed is treated in several papers of this symposium. In these treatments the indicator appears generally related to a flux; for example, amount of indicator; flowing through a cross section of a vascular bed per unit of time. On the other hand, in some experimental setups fluxes are not measured but instead some variable related to a flux is obtained. In these eases it is of interest to study the behavior of the approximating model. For example, if the indicator is the oxygen content of the blood measured at a particular site as a function of time, and if during the interval of measurement the flow of blood is not constant and not independently measured, we can at best obtain a mean time oxygen content of the flowing blood at the site, instead of the mean flux oxygen at the site. To replace the latter by the former entails replacing the former model by an approximating one, and with it the need to study theoretically the errors that this replacement brings about. An instance ol' this study can be found in the literature 1 ' 2 where errors in the measuring of cardiac output by the Fick method are studied. This is related to the fact that to measure all the variables that happen in a real experiment (or in a model of a real experiment) may be neither feasible nor actually sought, so one may replace the former by an approximating model, in which, for instance, a vari-able that in the former model has some domain of definition is replaced by some kind of average. In some instances there is more than one mode of averaging, and the choice of one or another mode could bring important changes in the magnitude of some parameters or variables to be estimated. Finally, some discrepancies of opinions exist in some cases as to which should be the proper model to describe a particular idealized experiment, let alone a real one.
The author is indebted to Drs. E. H. Wood and C. W. Sheppard for reading the manuscript and offering many valuable suggestions for its improvement. Indexes of sj'mbols and terms appear as annexes on Pages 427 and 428.
§2. Linear Filters With Lumped Characteristics
A concept that will be found useful is the input-output relationship of a linear stable filter. Let the block diagram of figure 1 represent the correspondence, L, between the two families of functions, the family (f) of input functions and the family {g} of output functions.
In some cases the operator L can be expressed analytically in terms of more elementary concepts, as will be done below for the case that L represents the dispersion of tin indicator through a physical system of simple hydrodynamie characteristics. In some other cases, the knowledge about TJ will be obtained experimentally, the system will be stimulated with a number of functions f and the corresponding output functions g will be recorded. In every case, however, it will be useful to have, instead of two ensembles of functions and a relationship between them, a more compact form of expressing the operator L. To this end we shall consider a particular important class of operators.
Assume that L satisfies the following properties : 1) Linearity. If gi(t) is the response to 410 GONZALEZ-FERNANDEZ f L (t), and go(t) is the response to fa(t), then the response to ajfi(t) + a 3 f 2 (t) is a!g L (t) + a 2g2(t), where a, and a^ are arbitrary constants.
2) Stationarity. The relationship f (t)-»g(t) is independent of the time origin, i.e., if g(t)
is the response to f(t), then the response to f(t + T) is g(t + T) where T is any arbitrary constant.
Next we consider a mathematical object called the delta function, S(x), which represents for operational purposes the following singular distribution of weight on the x axis, namely the unit weight concentrated at x = 0 and zero elsewhere. This may be visualized as a function that is infinite at x -0, zero elsewhere, and such that s S(x)dx = 1 (2.1) We mention two examples of such functions, which will be used in the next sections, for T > 0 : When the delta function 8(x) is used as the input function to a linear filter it is generally called unit impulse, and the response of the system to this input will be called system response and denoted by h(x).
Suppose that we consider for every T > 0 the response hr(x) of the filter to the input function 8r(x). In terms of this family, one could define h(x) as the limiting behavior of hr(x) as T -> 0. This will have an important bearing on the description of h(x) in the case that an experimental setup is to be discussed (see §4.c).
For our physical systems h(t) = 0 for t < 0, i.e., the system does not respond before being stimulated, then it can be shown that for a wide class of admissible input functions f (t), the corresponding output functions g(t) can be expressed by t g(t) = ) f(r)h(t-r)dr -00 00 = ff(t-T)]i(T)dr.
(2.8) 0
If the system was at rest and the input started at t = 0, i.e., £(t) = 0 for t < 0, then (2.8) becomes t
The operation between f and h as indicated in (2.9) is called convolution of f and h, which for brevity we shall write so g = f*h = h*f. U, (t > 0) then (2.8) gives that the response H(t) of the system to the unit step function is given by t H(t) = f h(r)dr (2.11) 0 i.e., it is the integral of the system response.
We define now the notion of a stable system: a system is said to be stable if, and only if, oo 0 h(t)|dt < co. (2.12) This can be shown to correspond to the property that, every bounded input f (t) will yield a bounded output g(t). In these cases we redefine h(t) by the condition 00 j 0 h(t)dt = 1. (2.13) In this connection we are interested in the following specific result. Suppose that the input f (t) to a stable system is such that oo J* |f(t)|dt < co 0 and let us consider the value of the integral of the eorresponding output g(t), Besides the integral of f(t) and of g(t), another parameter important in indicatordilution studies is the first moment t t of the normalized f (t) :
For the case that i t is finite and the filter is stable, one could ask: what is the relationship between t f and the first moment
of the normalized g(t) ? It is enough for our pm'poses to assume that f(t) and h(t) are non-negative functions; then we can interchange the order of integration in (16) with the understanding that the equal sign might hold between two quantities each equal to infinity. We then have that t B = t f t h .
(2.17) In the case that t h is finite, we can write It = t K -t h ;
(2.1S) however, it will be seen that even for stable filters this is not always the case.
We can consider also a slightly more general situation, namely a sequence of n linear filters such that the output of one is the iupul to its next ( fig. 2 ) and try to find the over-all system function h, knowing the individual systems functions hi, i = 1, . . ., n. (2.19) The same type of computations show that the operation * is commutative and associative. In relation to figure 2 this corresponds to the fact that we can change the order of the boxes and/or replace some of them by their equivalence given by the operation *.
In an important paper 3 Stephenson developed a theory for the dispersion of an indicator by the circulation using the techniques of the theory of linear filters with lumped characteristics. However, his model implies that the description of an indicator by a segment of the circulation can be made by pairs of functions whose domain is only the time axis. For instance, every cross section at which a function in that model is to be defined acts as a point.
In many physical systems or models of physical systems, the dispersion of an indicator at every cross section is a function whose domain of definition is space and time, so there might be no segment that can be described by lumped characteristics. However, in some eases an experimental condition may be introduced which allows such a description ; in other eases some kind of averaging on the cross section may be defined which replaces the former model by an approximating one.
Having this general problem in view we shall study in §3 some measurement problems related to different types of averaging, in §4 we shall study the measurement of the dispersion of an indicator by a viscous fluid flowing in a straight cylindrical tube, and in §5 the results of §4 will be discussed in relation to indicator-dilution techniques.
§3. Averaging and Flow Calculation
Consider a vascular bed and a fixed cross section S of it, such that at every point x on S and for every time t the flux density v(x, t) of the moving fluid is perpendicular to S. It is clear that posed with this degree of generality expression (3.7) might not be efficient to compute F. We can notice that (1) to compute c(t) to be used on (3.5) we need knowledge about the spatial distribution of i(x, t), and (2) even if we had been able to obtain 5(t) for t 0 < t < t 0 + T, then in order to compute c to b<! used on (3.7) we have to know at least a function proportional to F(t) during t 0 < t < t 0 + T.
3. a.-Suppose now that e(x, t) does not depend on the space variable x so we write c ( x J t ) = c ( t ) ; (3.8) then (3.3) gives that c(t) = c(t).
(3.9) This condition can be experimentally realized if at the cross section S there is a well-developed turbulent flow, for instance. We could now define the mean time concentration C during the time interval (t 0 , to + T) by To replace F by F introduces in general an error; however, F is the quantity generally obtained in practice. Stow 1 has observed that for f = F it is sufficient that either c(t) or F(t) be constant. Indeed, if c(t) = c constant or F(t) = F constant, then (3.5), (3.9) and (3.10) give that 5 = 5.
For further analysis of the errors for the case where neither e(t) nor F(t) is a constant, the reader is referred to Stow's paper. 1 3 Again in general we will have that F ¥* F. On the other hand, if for every t we have that c(x, t) is uniform on the cross section S, i.e., c(x, t) = c(t), then (3.3) and (3.14) give that c(t) -c(t) = c(t) and hence F = F. This condition has been given by Rossi et 
3. c.-It can be noted that Rossi et al's condition is identical to Stow's condition of constant flow F discussed in § 3.a. One can unify still further these concepts by observing that every time that the variables c and v appearing in (3.2) can be "separated," one can measure either a mean time concentration or a mean cross-sectional concentration and obtain with it the correct F as given by (3.6 
correctly. The other cases can be similarly derived. § 4. Dispersion of an Indicator by Fluid With Steady Laminar Flow in a Cylindrical Tube
Consider a cylindrical tube of radius R in which liquid is flowing with steady laminar flow. On account of the cylindrical symmetr}' we need only two space coordinates: x and y, where x is the distance from the center of the tube, and y is the distance along the tube.
Suppose that at the cross section y = 0 we inject indicator into the stream (or measure indicator flowing across the cross section in question). Suppose that at the cross section y = a we also measure the indicator.
We assume that the hydrodynamic characteristics of the indicator are indistinguishable from the ones of the flowing liquid.
It is the purpose of this section to show for the same hydrodynamic situation how the relationships between the measurement at the cross sections y = 0 and y = a depend on the manner in which these measurements are defined.
At a cross section y and at a point, x on it, the flow concentration e(x, t) of indicator is given by
If during some time interval indicator is injected at (or flows through the) cross section y = 0 in such a way that for every time t in the interval in question i(x, t) = ,i(t)v(x) (4.2) for all x in the cross section y = 0, then c(x, t) -,*(t), (4.3) so for every t the concentration at y = 0 is uniform on this cross section. We shall call this manner "flow tagging."
If indicator is injected at x at a rate ~k(t) uniform on the cross section y = 0, i.e., if for every time t in the interval in question i(x, t) = X(t) (4.4) for every x in the cross section y = 0, then , ,, X(t) .
We shall call this manner "cross-sectional tagging." Owing to the geometry of the configuration it is convenient to take as the differential element dA of area of a cross section the differential annulus of radius First we make the following observation.
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For a particle with radial coordinate x, that at time t/ was at y = 0, and that at time t is at y = a, the following relation (t-t')v(x) = a (4.9) must hold, where a t -t ' > to,, = (4.10) v(0) • For a fixed t, equation (4.9) defines x as a function of t', and by using (4.8) we can write explicitly to.
(4.12) For a representation of these relationships, see figure 4 .
We shall examine in what follows, for the specific velocity pattern (4.8) some combinations of manners of measurement.
4.a. FLOW TAGGING STEP INPUT; MEAN FLOW CONCENTRATION AT SAMPLING SITE
Assume that at y = 0 the step input of concentration p. is initiated at time 0, then at y = a (4.6) and (4.11), (4.12) give that
4.a". FLOW TAGGING IMPULSE INPUT; MEAN FLOW CONCENTRATION AT SAMPLING SITE
Here we use the concepts discussed in §2 and illustrate them with this experimental background. Consider the pulse input of the previous case. If we call I(t) the rate at which indicator is delivered into the tube at y = 0, then by integrating (4.2) over the cross section we obtain that 
and then , (0<t<t O n ) h w = 1 ., 1 2t"oa -TT-, (t > ton) ( 
4.17)
A word about the dimensions of the two types of forcing inputs: In the case of a step input the relevant measure is the height of the input, but in the case of the impulse input (or of the approximating pulses) the relevant measure is the area of the input.
4.b. FLOW TAGGING STEP INPUT; MEAN CROSS-SECTIONAL CONCENTRATION AT Y = A
Here (4.7), (4.11) and (4.12) give
4.c. CROSS-SECTIONAL TAGGING STEP INPUT; MEAN FLOW CONCENTRATION AT Y = A
Assume that the step input is initiated at t = 0, and that it delivers indicator into the tube at the constant rate I = X ?r R 2 ; then (4.5) -(4.6) with (4.11) -(4.12) give that at y = a We observe that in every case but the case of cross-sectional tagging at input site, mean cross-sectional concentration at sampling site, the integral from 0 to oo of the response to a pulse and/or an impulse is finite, so in the sense of § 2 we can say that those systems are stable and define h(t). This was done explicitly for one ease: (4.17) ; the other ones are easily written down, too.
One can observe that in the ease where the above said integrals diverge, this behavior depends on the assumption (4.8), where v(x) tends to zero as x tends to R. At the injection site the indicator is supposed to be delivered at every element of cross section irrespective of v(x), and at the sampling site the particles of indicator carried by the slow-moving elements of fluid will contribute more to the area than the same particles would when carried by the fast-moving elements of fluid. Still this is not sufficient to account for the divergence of the integral; we shall show in what follows that the way in which v(x) tends to zero as x -» R is a condition for it.
Consider instead of (4.8) the velocity distribution
of which (4.8) is the particular case a = 1.
Using the same straightforward computations as before, one can show that if 0 < a < 1 the ease corresponding to where v(0) = v 0 is the central velocity, and v(R) = v R is the wall velocity. Hero we have a a ton -
Here we have to make the following observation. For a particle with radial coordinate x, that at time t' was at y -0, and that at time t is at y = a, the relation (4.9) must hold, where W < t -t' < t V (4.22) We have that (4.11) and (4.12) become
Using the same straightforward computations as befox'e, one can examine the different combinations of injection-sampling manners.
As an illustration we examine in what follows one case.
4.e. FLOW TAGGING STEP INPUT; MEAN CROSS-SECTIONAL CONCENTRATION AT Y = A
Here (4.7), (4.23) and (4.24) give 0 ences between cross-sectional and flow sampling.
In this section we have centered the discussion on the notion of the response of the system to an input pulse, because this has an easily verifiable experimental counterpart. In this regard it should be noticed that Sherman et al. G 
, (t > t'oa + T)
4.e". FLOW TAGGING IMPULSE INPUT; MEAN CROSS-SECTIONAL CONCENTRATION AT Y = A
" 0 , (0 < t < t«a)
. 0 , ( t > t o « ) Rossi et al. 4 recognized the differences between what, we call here cross-sectional and flow tagging. They discussed, though, only mean cross-sectional concentration at sampling site. The discussion was completed by Sheppard et al. 5 ; they pointed out the differ-Lacy et al. 7 with a model that, corresponds to cross-sectional tagging at input site-mean flow concentration at sampling site even though the experimental setup used by Lacy et al., corresponds to flow tagging-inean crosssectional concentration. Fortunately the formal expressions for these models are identical, as can be verified by comparing § 4.b" with § 4.c"; the reason for this becomes clear by using (4.3) in (4.7) which gives X/J. as the nonzero part of the integrand for the first case, and by using (4.5) in (4.6) which gives xX as the nonzero part of the integrand Circulation Research. Volume X, March 196S for the second ease. This balancing out of the effects was pointed out by Sheppard et al. 5 The expressions of this section have been developed primarily to exhibit with a particular hydrodynamical situation the different combinations of modes of tagging and of sampling. There are, however, other aspects which pertain more to specific questions arising from given experimental setups, For instance, the effect of the flow and volume of the injectate, the sequential collection of volumetric samples, the nonzero width of the densitometer window at sampling site, etc. Some of these are easily taken care of by a slight extension of our formulations here; others depend more on the interpretation of the experiment at hand. For further discussions of these aspects, the reader is referred to the literature. 1 
" 14 § 5. Applications to the Theory of Indicator-Dilution Techniques
Tn this section we illustrate with the results oC § 4 the general concepts discussed in § 2 and § 3. We extend also some of those results to less restricted models.
5.a. FLOW MEASUREMENT IN THE TUBE
AVe observe that in very case discussed in § 4, with the only exception of the case of cross-sectional tagging at input site-mean cross-sectional concentration at sampling site, the formal use of the Stewart-Hamilton expression for flow gives the correct answer. In the case of flow tagging-mean cross-sectional concentration the reason is that at the injection site the measure of the input is -^-and this is insured by Eossi et al.'s condition (see § 3.b) ; now since the system is stable (see § 4) and linear, the area of the concentration downstream is again -^-[see § 2, (2.14) |. In other words, the flow measurement was made at the injection site and the tube system response does not alter that measurement. In the case of cross-sectional tagging-mean flow concentration the reason is that Stewart-Hamilton conditions exist at the sampling site (see §3). In the case of cross-sectional tagging-mean cross-sectional concentration, nowhere do Stewart-Hamilton conditions exist and the formal use of this expression can give any number depending on the prevailing velocity distribution (see §3). It is of course of interest to see how these results extend for more general hj'drodynamic conditions. In the case where mean flow concentration is used at the sampling site, the only condition required is that the flow F at this point be constant, i.e., for any velocity distribution, even for nonhomogeneous fluid, and even if the velocity distribution of indicator particles is different from the one of fluid particles, the formal use of Stewart-Hamilton expression applies 10 as it was shown in §3.
For the case of flow tagging at input sitemean cross-sectional concentration at sampling site, we will consider two cases: 1) Tube not necessarily uniform in diameter, fluid homogeneous, velocity distribution arbitrary, flow steady and laminar.
Consider the cross section S at the input, and the cross section S' at the output. For every differential element dA of area on S we can define a differential tube of flow and its corresponding differential element dA' of area on S' (fig. 7 ). Assume that we deliver at the cross section S a flow tagging pulse input of indicator initiated at t = 0 and of duration T, thus producing at S a uniform concentration /x during 0 < t < T. Consider for every x in S' and t > 0 the function p(x, t) defined in the following manner; p(x, t) -1 if at time t there is indicator at x and p(x, t) = 0 otherwise. We observe that for every x in S' there exists an interval t v < t < t, + T for which p(x, t) = 1 and is 0 outside this interval. Now we can write the mean crosssectional concentration at S' as The shaded area represents the differential anmdus at x ; its differential area is given by 2irxdx. The fluid particles at this annulus move with a velocity v(x) depicted in the figure by a vector. and then 2) The same as 1) except that the fluid may be nonhomogeneous.
What is of fundamental interest for applications is the case where the nonhomogeneous fluid is blood. The rheologie properties of blood are complex, as well as the velocity distribution of its elements. The characteristics of the dispersion of an indicator by flowing blood depends on blood parameters as well as geometry parameters of the tube. 4 -7 ' *• n - 15 It has been observed that the erythocytes in blood flowing in tubes under laminar flow exhibits streaming phenomena, and that in general they tend to move toward the center of the stream.
We shall here study a very simple model which tries to incorporate the streaming phenomena into the response characteristics of a tube when used as a sampling catheter.
Consider the cross section S at the input and the cross section S' at the output. We consider that on S elements of area dA, some of them will correspond to tubes of flow of particles a of fluid which are capable of carrying indicator, and others will correspond to tubes of flow of particles /? which cannot carry indicator. Every tube of flow defines on S' its corresponding element of area dA' (fig. 8 ). The total flow of the particles a is Fi, and the total flow of the particles p is F«. The total flow of the fluid is F = F x 4-F 2 .
Assume that a pulse input of indicator is initiated at t = 0 and terminated at t = T, and that the particles a are flow tagged. Suppose that the rate of delivery of iudieator during 0 < t < r is I so that the concentration of indicator at the entrance inside the tubes a is = I and the flow concentration of. indicator at the entrance at the same time is I F so that F (
5.2)
Now as before we can write the mean crosssectional concentration at S' as (5.1) but for every x on S' which belongs to a line of flow of particles J3 the function p(x, t) will be zero for every t. We then have Tn the case that 1he particles a correspond to plasma and the particles /? to the erythrocytes, then 1 -y , corresponds to the cross sectional hematocrit value and 1 -y to the flow hematocrit value. 10
5.b. FLOW MEASUREMENT OF A CENTRAL CIRCULATION USING A SAMPLING CATHETER
Generally a long tube is used to sample blood from the central circulation, and at its distal end either a mean cross-sectional or mean flow concentration of indicator measurement is effected. In its use it is assumed that the proximal end of the catheter receives blood-indicator with a concentration uniform on its entering cross section, thus making the system flow tagging at its input, at least in the sense of § 5.a.2.
The results of §2 [specifically (2.14)] indicate that the only condition required for this catheter sampling system is that its system response be stable. The results of § 4.b" and § 4.e" show that this condition is met for some simple hydrodynamic systems. Expression (5.4) shows that it is also met for a very general type of system. Even though expression (5.4) shows that the measurement of flow in the tube cannot be made, the results of § 2 show that when the tube is used as a sampling catheter, the measurement of flow of a central circulation is not altered by the interposition of a sampling catheter.
S.c. VOLUME MEASUREMENT OF THE TUBE
There is only one case in which Stewart-Hamilton conditions for volume measurement are met, namely flow tagging-mean flow concentration (see §4.a"). In all other cases the formal use of that expression would lead to errors of varying magnitudes (see § 4.b", 4.c", 4.d" and 4.e").
S.d. VOLUME MEASUREMENT OF A CENTRAL CIRCULATION USING A SAMPLING CATHETER
When the mean flow concentration of indicator is measured at the distal end of the sampling catheter, the first moment ti, of the corresponding h(t) can be used to obtain the correct central circulation mean transit time by using (2.18). Moreover, in the eases where the fluid is homogeneous or where its behavior could be so approximated, the first moment t h coincides with the mean transit time of fluid particles in the catheter. In these cases then t h -F , so one could correct for the mean transit time without the need of obtaining h(t).
When the mean cross-sectional concentration of indicator is obtained at the distal end of the sampling catheter aud the first moment th of the corresponding h(t) is finite, one could obtain the eoi-rect central circulation mean transit time by the use of (2.18). Such a case on a theoretical discussion could be for instance 4.e". On a real experiment such a case could be the case in which one has experimentally obtained the h(t) of the sampling catheter 5 " 9 and reliable measurements have pi'ovided one with the first moment t h of this experimentally obtained h(t).
5.e. CROSS SECTIONAL TAGGING
To obtain the expressions related to a cross-sectional tagging impulse input of indicator, we have used a family of approximating input pulses. The physical counterpart of each of those pulses at the termination of the pulse is a lenticular volume of fluid carrying the indicator with a distribution given by cross-sectional tagging.
Other ways of approximating this impulse can be used. 4 ' 5 Consider a straight cylindrical tube of radius R with a velocity distribution given by (4.8) . Now assume that at t = 0 indicator has been deposited in the segment (yi, j r L >), indicated by a shaded region in figure 9 , and that at that time the concentration of indicator in (yj, y a ) is uniform and equal to y. Let us study the case where the mean flow concentration 0(t) of indicator is obtained at y = a. We have that c ( t ) = . which is identical to 4.c". If we look at the first moment of e(t) either for the experiment corresponding to (5.5) or the one corresponding to (5.6), we find that it is infinite, so this initial distribution of dye should be inadequate to be used in conjunction with Stewart-Hamilton formulation for volume measurements. However, the physical conditions created by the common way of effecting a sudden single injection of indicator in a blood vessel with laminar flow approximate this initial distribution of indicator. On the other hand, the condition for the validity of Stewart-Hamilton expression, for example, as developed by Meier and Zierler, 10 has been at times stated vaguely as a well mixing condition at the injection site, and since the effect of a sudden single injection of indicator tends to produce (or produces) a good local mixing, it could have led to the idea that it meets the requirements of Stewart-Hamilton expression. Of course, of these, the pertinent one here is flow tagging at the input site. We shall como back to this in the next paragraph.
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5.f. DISCUSSION OF SEGMENTAL SYSTEM RESPONSES
In § 2 we indicated that if h ]; . . ., h n are the system responses of consecutive linear filters such as the ones represented in figure 2, then the system response of the whole is given by h = hj * h 2 * . . . * h n . ( 5.7) Here we want to make precise some of the conditions for this to be so, especially in reference to experimental setups used in indicator-dilution studies.
Let us examine the following model. Consider a straight cylindrical tube with coordinates defined as in figure 10 . Assume that for y 0 < y < yi and for y 2 < y < a, the cross-sectional distribution v(x) of velocities is given by (4.S), and assume that the chamber between y 1 and y 2 is a perfect mixing chamber with eross-sectional average flow F. a) Introduce at y = 0 an impulse input, flow tagging, of measure •=• at t = 0 and if study the concentration of indicator in the mixing chamber (y 3 , y-2 ). This concentration is the same whether taken in the flow or the cross sectional sense. By using (4.16) we have that the flow concentration of indicator at yj is given by where Vi = (yo -yi)irR 2 , then the concentration of indicator at the mixing chamber is given by
If we now let y2 -» J'i, then (5.9) tends to the delta function, S(t) (see §2) so that in the limit as y 2 -> yi (5.10) becomes (5.8 ). An application of this 5 is that if we measure by transilluniination the concentration between yi and y2 we obtain (5.10) which approximates (5.8) as close as we want, provided that we can make the mixing chamber (yi> y2) thin enough. b) Introduce, at t = 0, q units of indicator in the mixing chamber (yi, yo), and let us look at the mean flow concentration at y = a. The concentration is uniform on the cross section yo, so we have there a flow tagging condition. Then by using (5.9) and (4.17) we have that the mean flow concentration at y = a is given by
Consider the particles that at time t' were at y =• 0 ; then the dashed line represents the position of these particles at time t. Of these, the particles that at this time t are at y = a have the x coordinate equal to p q 2t2 r i i An application of this is that if we could produce by some means, say by turbulence, a permanent mixing chamber at (yj, y 2 ) and measure the mean flow concentration at y = a, we could approximate (and in the limit as y 2 -> y t obtain) the response (5.12), I' we let v., The shaded area represents the volume of liquid containing indicator at time t > t Oa + T corresponding to the pulse of figure . ->.
flow-*• FIGURE 7
This figure represents a tube of arbitrary geometry. The indicator is introduced at S and observed at S'. From every ,r on S there exists a line of fl to S', and vice versa.
i.e., the system response (4.17). If we introduce in the mixing chamber at (y a , y 2 ) dye at the constant rate I, we obtain that at y = a the mean flow concentration of indicator is given by 0 F and when y 2 t 2n o this tends to ing a constant injection of dye is to introduce it at the constant rate of, say, I units of dye per unit of time by creating a local turbulence at (yi,y 2 ), but the turbulence at (yi,y 2 ) is maintained during the whole course of the 0 < t < t 2 F t I of C---ntla i.e, we obtain (4.13) . This shows that since the underlying model (represented in figure  10) is unchanged, the response to a constant injection of indicator is the integral of the response to a sudden injection.
We may compare now the results of § 5.e with these results in relation to what is meant experimentally by 1) a sadden single injection of dye, and 2) a constant injection of dye. The common way of effecting the former is by creating a local transient turbulence at (yi, y 2 ), depositing thereby q units of dye in a cross-sectional volume (yi, y«) and allowing then the flow to resume its previous pattern, so that the experiment corresponds to the one described in § 5.e and represented in figure 9 , i.e., cross-sectional tagging. On the other hand, the common way of effect-, 0 < t < tja , t > t l n experiment, so this experiment corresponds to the one just described under b). Then the response to the latter is not the integral of the response to the former, as we see by looking at its corresponding expressions. If, on the other hand, we effect a sudden single injection of dye, producing a local turbulence, and keep that local turbulence going on, or if the local turbulence was pre-existing, then we obtain the case described under b). Then the integral of its response downstream is the response to the constant injection of dye as the formulas again show. c) Introduce at y = 0 an impulse input, at t = 0, and^-flow tagging, of measure study the mean flow concentration c(t) of indicator at y = a. We have that Expression (5.14) shows that when the thin mixing chamber situated at yj is moved toward either y = 0 or y = a, (5.14) approaches (4.16), i.e., the system response for flow tagging at y = 0 and mean flow concentration at y = a. The greatest disparity is obtained when the thin mixing chamber is situated midway between y = 0 and y = a. Tn figure 11 are represented some of these instances.
d) Consider a straight cylindrical tube with flow distribution given by (4.8) as represented in figure 6. The system response for flow tagging at y = 0 and mean flow concentration at y = yi is given by 1 , (t > t m + t l n ) ( t -t 0 1 ) 2 ( t -t l B ) a At time t = 0 , indicator with a uniform concentration y exists in the chamber between the cross sections at y, and y z . Tt is assumed that for I > 0 at every cross section, the velocity distribution indicated by arroivs is given by (4.8) .
FIGURE 10
It is assumed that for t > 0 the velocity distribution for 0 < y < j/j and y 2 < y < a is given by (4.8) , and that the chamber between y t and j/ 2 is a perfect mixing chamber. For further explanation, see the text. This figure corresponds to the discussion, of § 5.£.e. The abscissa represents time, the ordinates represent concentration of indicator at y = a. Curve 1 corresponds to expression (4.16) , that is to say, when no mixing chamber exists. Curves 2 and 3 correspond to expression (5.15) , that is to say, when a "thin" mixing chamber exists at y t ; for curve 2, y, is at one tenth of the length of the tube, and for curve 3, y, is at one third of the length of the tube.
We notice that (5.19 ) and (5.20) are in general not equal, yet a superficial use of expression (5.7) could have led us to expect equality. This discrepancy stems from the fact that (5.19 ) and (5.20) correspond to two different physical systems. In c) we have obtained expression (5.21) as the limiting case for a mixing chamber at yi [see (5.14) ], so the physical model corresponding to (5.20 ) would be the one with flow given by (4.8) for 0 < y < yi and y ± < y < a and with an "infinitely" thin mixing chamber at yi. The physical system corresponding to (5.19 ) is the one with flow given by (4.8), for 0 < y < a. This illustrates the reason for stressing the , ( 0 < t t la ) (5.21) dr t l n ).
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modes: flow tagging, cross-sectional tagging, mean cross-sectional sampling etc.; namely, the systems that we are in general concerned with are, strictly speaking, described by space and time variables so that they cannot in genet-al be described by lumped characteristics. Now in general we cannot describe or measure tilings, say in our case across x, say at y = 0 and y = yi, yet with that well-defined restriction we can describe for that segment a system response, say h O i. Now for the next segment, say from y = y t to y = y 2 , we might define a system response, say hi a . In order to write in a meaningful form h O i * h la , we have to have 1) that the mode of tagging at yi for h ln is the same as the mode of sampling at yi for h O i, and 2) that the physical system does that at y,. For instance, in the system represented in figure 6 we can of course talk about a mean flow concentration of dye at yi as a function of time, but the dye coming in at yi to the sector y x < y < a cannot in general be described as flow tagging. That description will in general be somewhat complex and depending on parameters outside the sector yi < y < a. It can be observed that the influx of dye will be flow tagging if at yi there is an infinitely thin mixing chamber. With these restrictions one can easily state the conditions for (5.7) to hold, and its allowable commutations, in every particular experimental situation.
